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ABSTRACT 

The purpose of this work is to analyze the performance of hollow-fiber reverse- 
osmosis (HFRO) systems. First, the mass and momentum balances on the fluids 
inside and outside of the hollow fibers are derived. Consequently, these equations 
are coupled with the membrane transport expressions to provide a two-phase 
model for completely describing the hydrodynamic behavior of HFRO units. The 
model equations are solved numerically via discretization techniques. Experimen- 
tal data are used for two objectives; transport-parameters estimation and model 
validation. Based upon optimization principles, a parameter-estimation technique 
is proposed for correlating the membrane-transport coefficients with the operating 
pressures and concentrations. The model validity is elucidated by comparing the 
theoretical predictions with the experimental data for different HFRO modules 
and over a wide range of operating parameters. 

INTRODUCTION 

Recently, there has been a growing industrial interest in using reverse 
osmosis for several objectives such as water purification and demineraliza- 
tion as well as environmental applications (e.g., Refs. 2 and 24). In particu- 
lar, hollow-fiber reverse-osmosis “HFRO” systems have received consid- 
erable attention as an effective separation technique. Among the different 
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2506 EL-HALWAGI, MANOUSIOUTHAKIS,  AND EL-HALWAGI 

configurations of semipermeable membranes used for reverse osmosis, 
the hollow-fiber modules have a number of distinguishing characteristics 
such as the large surface-to-volume ratio, the self-supporting strength of 
fibers, and the negligible concentration polarization near the membrane 
surface. A hollow-fiber reverse-osmosis module (see Fig. 1) consists of a 
shell which houses the hollow fibers. The fibers are grouped together in 
a bundle with one end sealed and the other open to the atmosphere. The 
open ends of the fibers are potted into an epoxy sealing head plate after 
which the permeate is collected. The pressurized feed solution (denoted 
by the shell-side fluid) flows radially from a central porous tubulardistribu- 
tor. As the feed solution flows around the outer side of the fibers toward 
the shell perimeter, the permeate solution penetrates through the fiber 
wall into the bore side by virtue of reverse osmosis. The permeate is 
collected at the open ends of the fibers. The reject solution is collected 
at the porous wall of the shell. 

The development of a reliable mathematical model for the description 
of HFRO systems is a highly desirable goal. First, it serves as a powerful 
tool for analyzing the transport properties of hollow-fiber membranes. To 
date, very few research works have been devoted to the estimation of 
transport parameters of HFRO units. Owing to the strong interaction be- 
tween the hydrodynamic characteristics and the transport parameters of 
the system, the values of the transfer coefficients reported in literature 
have varied considerably. Clearly, the accuracy of these coefficients is 
strictly related to the validity of the hydrodynamic model of the system. 
In this context, Pusch (22) states that “Regarding the determination of 
intrinsic transport parameters of hollow fibers, the following should be 
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FIG. 1 Schematic representation of the HFRO module. 
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HOLLOW-FIBER REVERSE-OSMOSIS MODULES 2507 

said. In order to rigorously treat the hydrodynamics inside hollow fibers, 
the Navier-Stokes equations and deformation equations of the fibers must 
be solved simultaneously. No complete integral of this complex system 
of differential equations is available from the literature although there 
exist several approximate solutions for special limiting cases. ” A second 
objective of developing a realistic hydrodynamic model is to establish a 
systematic framework for optimizing the design of new HFRO units or 
improving the performance of already existing units by invoking the opti- 
mal operating conditions. Since HFRO systems are typically arranged in 
networks of several units, the developed model represents an essential 
part of any optimal network-synthesis methodology. 

In recent years a number of mathematical models have been devised 
to simulate the hydrodynamic performance of HFRO modules. In these 
models, two approaches have been generally adopted to estimate the pres- 
sure variation through the shell side. In the first approach, the shell-side 
pressure is assumed to be constant (9,18,27). The second approach treats 
the fiber bundle as a porous medium and describes the flow through this 
medium by Darcy’s equation with an arbitrary empirical constant (3, 1 1 ,  
14, 19). The value of the empirical constant is strictly applicable to the 
geometry and operating conditions for which it has been evaluated. As a 
result of the pressure drop inside the fibers along the module, the pressure 
difference across the fiber wall may vary significantly and, thus, the per- 
meation rate may change considerably along the fiber length. Therefore, 
an axial component of the shell-side flow arises in addition to the radial 
component. It should be pointed out that the existing models for radial- 
flow hollow-fiber systems assume a purely radial flow in the shell side. 
Apparently this assumption does not accurately reflect the shell-side flow 
distribution. 

Owing to the above-mentioned limitations associated with existing 
models, none of them appears to provide a reliable description for the 
performance of HFRO systems over the whole range of industrial operat- 
ing conditions. In characterizing the predictive power of existing models, 
Soltanieh and Gill (28) stated that: “Limited success has been achieved 
in predicting the model rejection coefficient for various feed conditions 
(concentration, pressure, flowrate, etc .). ” 

The present work aims at achieving several objectives. Based upon 
the fundamental transport equations, a mathematical model is devised 
to describe the hydrodynamic performance of HFRO systems. Next, an 
efficient numerical algorithm is developed to solve the model equations. 
Finally, numerous experimental data are used to estimate the membrane 
transport parameters and to test the validity of the devised model and 
transport parameters. 
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2508 EL-HALWAGI, MANOUSIOUTHAKIS, AND EL-HALWAGI 

THEORETICAL ANALYSIS 

In this section the model equations necessary for describing the behav- 
ior of HFRO units will be presented. Based upon the fundamental mass 
and momentum transport equations, a coupled two-phase model will be 
derived. The shell side will be treated as a continuous phase. This repre- 
sentation was first proposed by Gill and Bansal (8). It allows the use of 
a two-dimensional continuous model for the shell-side hydrodynamics. It 
also obviates the need for a discontinuous representation of flow whenever 
a fiber is encountered. As has been mentioned in the Introduction, while 
the bulk of the flow in the shell side is in the radial direction, an axial 
velocity may also develop due to the varying rates of permeation alongside 
the fibers. Therefore, the flow field in the shell side will be described by 
two velocity components; axial and radial. 

Model Assumptions 
1 .  The shell side is assumed to be an axially symmetric continuum in 

which the hollow fibers are considered to be uniformly distributed continu- 
ous sinks. 

2. The shell side has negligible concentration polarization. The validity 
of this assumption was elucidated by Kabadi et al. (14) who showed that 
under typical operating conditions of HFRO units the wall concentration 
differs from that at the shell bulk by 1.4% at most. 

3. Osmotic pressure is a linear function of salt concentration. This as- 
sumption is based upon the Van’t Hoff equation which is most reliable 
for relatively dilute solutions. For high salt concentrations, experimental 
values or nonlinear models relating osmotic pressure to concentration 
ought to be used. 
4. The membrane transport equations are given by the Kedem-Katchal- 

sky model (15) as follows. 

Water Flux 

J ,  = L,(AP - UAIT) 

where L, is the filtration coefficient which provides a measure of the 
hydrodynamic permeability of the membrane to the solvent. The reflection 
coefficient, cr, indicates the extent of solute rejection by the membrane. 
When u = 0, the membrane is totally permeable to the solute (no salt 
rejection). On the other hand, when the value of cr reaches 1,  the mem- 
brane is completely impermeable to the solute (100% solute rejection). 
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HOLLOW-FIBER REVERSE-OSMOSIS MODULES 2509 

By using Assumption 3 and rearranging, one may rewrite Eq. (1) as 

where no and co are any corresponding osmotic pressure and concentra- 
tion for the particular salt under consideration. 

Salt Flux 

(3) 

Where both J ,  and J ,  are defined based on the outside surface of fiber. 
The term ( cs)log mean is the logarithmic average solute concentration across 
the membrane. Equation (3) implies that the solute flux is a combination 
of two trans-membrane flows; convective (with the solvent flux) and diffu- 
sive (due to concentration gradient). Hence, at zero solvent flux, Eq. (3) 
becomes 

‘TTO 

co Js  = (cshog mean(1 - u)Jw + 0 - (CI  - ~ 3 )  

which indicates that w is a measure of the solute permeability of the mem- 
brane at zero solvent flux. 

The model of Kedem and Katchalsky is used since its transport coeffi- 
cients u and w are not very sensitive to variations in operating pressures 
and concentrations (26). Nonetheless, in Eqs. (1)-(4) the membrane-trans- 
port coefficients are allowed to be pressure- and concentration-dependent. 
The functional dependence of these parameters on pressure and concen- 
tration will be discussed later. 

Model Equations 

Shell-Side Continuity Equation 

For an incompressible flow, the equation of continuity is given by 

V*V = -Q ( 5 )  

where Q is the volume of fluid entering the sink per unit shell volume per 
unit time and is related to the local permeation flux velocity through the 
membrane, J,, by 

2(1 - E) 
J, Q =  ro 
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251 0 EL-HALWAGI, MANOUSIOUTHAKIS, AND EL-HALWAGI 

Momentum-Balance Equations for the Shell Side 

may be written as 
The vector form of the momentum-balance equation for the shell side 

[V-puz’] - V P  - 

substituting from Eq. (5 )  into Eq. (7) and rearranging, we get 

in which the last term on the right-hand side accounts for the existence 
of the continuously distributed sinks and the operator D/Dt is the substan- 
tial time derivative. 

In order to incorporate the effect of viscous drag forces exerted by the 
fluid on the outside surface of the swarm of fibers into Eq. (S), Brinkman’s 
model (1) will be used, The essence of this model is that the fluid in 
proximity to an obstacle embedded in a porous medium experiences a 
body damping force in addition to the usual forces in the equation of 
motion. Brinkman suggested that the effect of this damping force may be 
incorporated into the equation of motion by adding Darcy’s resistance 
term to the Navier-Stokes equation. This model has been successfully 
used in describing the hydraulics of flow through porous media and fibrous 
beds (e.g., Ref. 29). Tam (30) and Lundgren (17) gave rigorous theoretical 
justification of Brikman’s model using a statistical approach. Therefore, 
by using Brinkman’s analysis, Eq. (8) should be modified to the following 
form 

Another way of deriving Eq. (9) is by invoking the transport equation for 
a two-phase system. Based upon volume-averaging concepts (31) one can 
write the following momentum-balance equation for the shell-side fluids: 

( 104 

in which B is the force per unit volume that the outside surface of the 
fibers exerts on the shell-side fluid. As has been previously discussed, 
according to Brinkman’s analysis this damping force can be described by 
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HOLLOW-FIBER REVERSE-OSMOSIS MODULES 251 1 

The term S in Eq. (10a) represents the mass rate of consumption of the 
shell fluid (via permeation into the bore-side sink) per unit shell volume. 
According to our terminology 

S =  -pQ (10c) 

Finally, the term V is the velocity at which the shell-side fluid enters the 
bore-side sink. It therefore corresponds to the permeation velocity, Jw , 
given by Eq. (1). Under normal operating conditions the permeation veloc- 
ity is about three orders of magnitude less than the bulk shell-side velocity. 
Hence, one may assume that 

Substituting from Eqs. (lOb)-(lOc) into Eq. (lOa), one obtains an identical 
expression to Eq. (9). 

In general, the damping forces due to the flow parallel and normal to 
the fibers are different. This calls for the use of an anisotropic permeability 
tensor. Several models have been proposed for the estimation of Darcy's 
permeability of fibrous porous media (see Ref. 12 for a recent review). 
The application of these different models for typical HFRO units yields 
close results for the longitudinal and the transverse permeabilities. It is 
also worth noting that the characterization of fiber orientation as being 
parallel to the central axis of the shell is inexact. In fact, the flexible nature 
of the fibers suggests that the directional arrangement of the fiber bundle 
may be influenced by the shell-side flow. In this context the work of 
Spielman and Goren (29) presented an expression for a scalar permeability 
of fibrous media with random orientation. It is interesting to note that for 
typical HFRO modules, permeability values obtained through Spielman- 
and-Goren's expression are very close to those evaluated via the less 
involved model of Happel (10) for flow normal to an array of cylinders. 
Therefore, in our analysis a scalar permeability is assumed. In Eqs. (9) 
and (lob) the permeability of the medium, k ,  will be determined from the 
following expression derived by Happel (lo) by applying the free-surface 
model to the problem of flow perpendicular to an array of cylinders 

where the radius of the free-surface cell surrounding each fiber, 6 1 ,  is 
given by 
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Substituting from Eq. ( l lb)  into Eq. ( l la)  and rearranging, we obtain 

Equation (9) is the governing equation of the shell-side hydraulics. 
Therefore, using Eq. (9) and assuming steady-state flow of a Newtonian 
fluid in a shell that is symmetric with respect to the angular coordinate 
(i.e., vanishing gradients with respect to angular coordinate), one may 
write the following “modified” Navier-Stokes equations: 

z-component 

with the boundary conditions 

vz(Z, Rf) = 0 

v,(z, R s )  = 0 

v,(O, r) = 0 

v , ( L  rf) = 0 

Pl(2, Rf) = Pf 

r-component 

aP 1 + - - p Q  Z J , . + - = O  [: ] ar 

subject to the boundary conditions 
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HOLLOW-FIBER REVERSE-OSMOSIS MODULES 251 3 

v,(L, r )  = 0 (23) 

The set of Eqs. (13) through (23) provides a complete description of the 
shell-side hydraulics. It should be pointed out that owing to the coupling 
between the shell side and the bore side (as indicated by the existence of 
parameter Q in Eqs. 13 and 19, the foregoing set of equations should be 
solved simultaneously with the complete model for the bore side. 

Component Continuity Equation for Salt in the Shell Side 

In analyzing the salt convective-diffusion equation, Kabadi et al. (14) 
showed that under typical operating conditions radial convection domi- 
nates radial diffusion as the transport mechanism. Neglecting radial diffu- 
sion in comparison with convective flow, one can write 

where R 1  is the rate of salt mass permeated per unit shell volume and is 
given by 

Equation (24) is subject to the following boundary conditions: 

Cl(Z, Rf) = Cf (26) 

Bore -Side €qua fions 

Let us consider a hollow fiber that is located at a distance r from the 
central axis of the shell. The flow inside this fiber is represented by the 
flow in a hollow cylinder with a porous wall. Radial injection takes place 
through the porous wall of the cylinder via permeation. This problem was 
addressed by Yuan and Finkelstein (32) who tackled the problem of flow 
along a porous pipe with radial injection. For the case of small injection 
velocities, they derived a solution for the equations of motion via the 
method of perturbation. They have shown that at any given radial position 
inside the fibers, the axial variation in the pressure over a distance A z  
(for which the permeation velocity is constant) is expressed by 
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- =  AP3 -- *'u,(l + 0.7% - 0.041X2) 
A2 6 

1 + *] 
[I - 0.056A + 0.015X2 p 6 u z  

(29) 
- =  AP3 -- *'u,(l + 0.7% - 0.041X2) 

(29) 
A2 6 

1 + *] 
[I - 0.056A + 0.015X2 p 6 u z  

where 

and uz is the average bore-side axial velocity at z + A z .  
Equation (29) is strictly valid for values of A that are smaller than 1. In 

a typical HFRO experiment, A range between It is interest- 
ing to note that when the permeation velocity is vanishingly small, Eq. 
(29) reduces to the Hagen-Poiseuille equation. Since the permeate leaves 
the unit at atmospheric pressure, Eq. (29) is subject to the following 
boundary condition 

P S ( L ,  r )  = Patm + APsealing (3 1 a) 

where Apsealing is the pressure drop of the permeate through the epoxy 
sealing ring as given by the Hagen-Poiseuille equation: 

and 

Bore-Side Total Continuity Equations 

as 
The radial-averaged continuity equation inside the bore can be written 

with the boundary condition 

uz(O, r )  = 0 

Component Continuity Equation for Salt 

Material balance on salt around an element of fibers 

d(u,c3) 2r0 
dz rf 

~- - - J, 

subject to the boundary conditions 

c3(0, r )  = 0 

(33) 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
1
:
4
4
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



HOLLOW-FIBER REVERSE-OSMOSIS MODULES 2515 

Instead of Eq. (35a), a more formal boundary condition can be used; 

(35b) 

In either case, the selection of Eq. (35a) or (35b) does not alter the quantity 
of salt at z = 0 due to the boundary condition (33). In addition, the value 
of c3(0, r )  is not an important parameter for the values of the subsequent 
rates of salt and water permeation for z > 0. This can be best explained 
by noting that in a typical HFRO experiment, the applied pressure is an 
order of magnitude higher than the osmotic pressure of the permeate. 
Furthermore, the shell-side concentration is typically an order of magni- 
tude higher than the permeate concentration. Hence, by recalling Eqs. 
(2) and (3), one can show that whether Eq. (35a) or (35b) is employed, 
no tangible change is likely to occur. Nonetheless, due to the computa- 
tional merits of Eq. (35a), it will be used in favor of Eq. (35b). 

The derived set of partial differential equations describing the behavior 
of HFRO units can be solved numerically. The numerical discretization 
algorithm that we employed to solve the model equations is based upon 
transforming the differential equations of the model into discretized alge- 
braic equations via a two-phase version of the semi-implicit method for 
pressure-linked equations “SIMPLE” (21). Additional details on the nu- 
merical algorithm can be found elsewhere (5) .  

namely, 

~ ( 0 ,  r )  = J,(O,  rYJW(O, r )  

RESULTS AND DISCUSSION 

In this section the results of the devised mathematical model coupled 
with the proposed numerical algorithm will be investigated. First, the 
mathematical model will be employed along with published experimental 
data to evaluate the membrane-transport parameters. Toward this objec- 
tive, the results of 115 experimental runs conducted by El-Halwagi (3, 
Ohya et al. (18), and Kabadi (13) are used in conjunction with the proposed 
model to estimate the values of the nine transport constants. In these 
three experimental works, Du-Pont B-9 HFRO modules were employed 
for pure water and NaC1-water systems. The inside and outside radii of 
these polyamide fibers are 21 x lop6 and 42 x m, respectively. 
Three different module sized [shell diameter (m) and active fiber length 
(m)] were used. These are (0.102 and 0.44), (0.114 and 1.22), and (0.1 14 
and 0.75) in the works of El-Halwagi (3, Ohya et al. (18), and Kabadi 
(1 3), respectively. Following the estimation of membrane-transport pa- 
rameters, the model validity will be tested via comparison with experimen- 
tal data. Next, the model will be used to investigate the hydrodynamic 
performance of HFRO units. Finally, the computational requirements of 
the proposed numerical algorithm will be discussed. 
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Estimation of Membrane-Transport Parameters 

The membrane-transport Eq. (1) and (4) contain three parameters: L,, 
u, and w. In order that any mathematical model for the hydrodynamics 
of the HFRO system yields accurate results, the values of these three 
parameters ought to be known with a reasonable degree of accuracy. As 
has been observed by many investigators, the three parameters are depen- 
dent upon the operating pressures and concentrations (e.g., Refs. 4, 22, 
23, and 26). The pressure dependence is normally attributed to membrane 
compaction whereas the influence of concentration can be explained by 
the phenomenon of membrane swelling. To account for this phenomenon, 
the three transport parameters were allowed to vary within the system 
according to the following expressions (which were found by several in- 
vestigators to best fit the experimental data, e.g., Refs. 4 and 23): 

and 

(Pl - P3)  

Pref 
(37) 

where L,, , a l ,  P I ,  u0, a2, p2, wo, a3, and P 3  are all assumed to be concen- 
tration and pressure-independent. Pref and Cref are taken as atmospheric 
pressure and 1 kg/m3, respectively. Hence, the problem of estimating the 
three transport parameters becomes one of evaluating these nine con- 
stants. 

In order to address the parameter-estimation problem, pure-water ex- 
perimental data ( 5 ,  18) were first used to evaluate L,, and al. 

The problem was tackled as a simple two-variable unconstrained minim- 
ization problem. The objective of this optimization program is to obtain 
the values of L,, and a1 that minimize the sum of the squares of relative 
errors of the theoretically predicted permeate flow rates and concentra- 
tions from those observed experimentally. The gradients as well as the 
elements of the Hessian matrix were calculated numerically using cen- 
tered finite difference schemes. By employing Newton’s unconstrained 
optimization method iteratively, the following values were obtained: 

L,, = 2.3 x mlspa 

= -0.03 
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subsequently, a similar procedure was followed for evaluating the remain- 
ing transport parameters. The salt experimental data of Kabadi (13) and 
Ohya et al. (18) were employed in conjunction with the proposed model 
to estimate P I ,  co, a2, p2, wo, a3, and p3. A seven-variable unconstrained 
minimization problem was solved to yield 

p, = -0.102 

uo = 0.96 

012 = -0.009 

p2 = -0.011 

oo = 2.47 x IO-”s/m 

013 = -0.016 

p3 -0.041 

The above values propose that both u and o are not strongly influenced 
by variations in operating pressures and/or concentrations. It is worth 
pointing out that the above results are strictly confined to the water-salt 
system. For any other solute or solvent the corresponding experimental 
data ought to be employed along with the mathematical model to yield 
the appropriate transport parameters. 

Model Validation 
In order to assess the validity of the mathematical model as well as the 

values of the transport parameters, experimental data (other than those 
used for transport-parameters estimation) were invoked. As can be seen 
from Figs. 2-5, the model predictions agree with the experimental data 
(the model results are shown by the lines whereas the experimental data 
are represented by the geometrical symbols). In Fig. 2 the model results 
are compared with some of the experimental data reported by El-Halwagi 
( 5 )  for pure-water experiments. It is worth noting that the decline in the 
permeate flow rate can be attributed to the reduction in transmembrane 
pressure-driving force. This reduction in driving force results from using 
a lower feed pressure or encountering higher frictional losses due to the 
increase in feed flow rate. Figure 3 also shows the theoretical versus the 
experimental results for pure-water experiments of Ohya et al. (18). The 
applied feed pressure for all the points in Fig. 3 is 2.4312 X lo6 N/m2. 
Next, the model was used to simulate the HFRO unit of Kabadi (13) under 
the conditions given in Figs. 4 and 5. Again, the agreement between the 
model results for the permeate flow rate and concentration with the experi- 
mental data confirms the model validity. 
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Theoretical predictions versus experimental data (5) for pure-water experiments. 
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Experimental Data (Kabadi,1976) 

1.50 I , J 
1.00 1.50 2 .oo 2.50 300 

q, x io', m3/s 

FIG. 4 Theoretical and experimental (13) permeate flow rate vs feed flow rate. 

I I '0-1 
1.50 2.00 2.50 3.00 

0.2 

q, XlOL, m3/s 

FIG. 5 Theoretical and experimental (13) permeate concentration vs feed flow rate. 
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1 .O 

0.9 

Analysis of Transport Properties of HFRO Units 

In this section the various mass- and momentum-transport characteris- 
tics for the shell and the bore fluids will be discussed. Figures 6-12 demon- 
strate the pressure, velocity, and concentration distributions in both 
phases as predicted by the proposed model. The input data in these figures 
are as follows pf = 2,431,200.0 N/m2, pr = 2,076,650.0 N/m2, qf = 1.728 
X m3/s, cf = 3.50 kg/m3, L, = 1.22 m, and 

R ,  = 0.1 14 m. These data correspond to one of the experimental points 
of Ohya et al. (18). The theoretically predicted flow rates and concentra- 
tions for the permeate and the reject agree with those experimentally ob- 
served by Ohya et al. (18). The dimensionless radius, Y ,  is defined as 

Y = ( r  - Rf)/(R, - Rf) (39) 
Figure 6 illustrates the theoretical results for shell-side pressure profiles 
throughout the unit. The model predictions indicate that, indeed, signifi- 
cant pressure variations throughout the shell side can take place. Such 
variations contribute toward the change of the other hydrodynamic vari- 
ables throughout the HFRO module. 

Figure 7 shows the shell-side radial velocity distribution. While u, de- 
creases monotonically in the radial direction (by virtue of permeation and 
increasing flow area), its value exhibits a nonmonotonic behavior in the 

m3/s, q, = 7.61 x 

Y =  0.2 
Y = 0.0 

L Y= 0.4 4 
Y=O.6 

Yz1.0 
- 

t -I 

z / L  
FIG. 6 Shell-side pressure distribution. 
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FIG. 7 Shell-side radial-velocity distribution. 
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2521 

Y=1.0 - - 

Z l L  
FIG. 8 Shell-side axial-velocity distribution. 
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radial direction. This is attributed primarily to the nonmonotonic change 
in the permeation rate which is a function of the shell-side pressure and 
concentration as well as the bore-side pressure and concentration. 

In Fig. 8 the model results indicate that indeed a horizontal shell-side 
velocity component is generated. Although in this figure the axial velocity 
is negative (namely it flows left with respect to Fig. l), yet depending 
upon the pressure distribution and the rate of permeation, the magnitude 
and direction of this velocity may vary significantly. 

Figure 9 demonstrates the shell-side concentration profiles. The non- 
monotonic behavior results mainly from the relative rates of water and 
salt permeation. As the water flux increases with respect to the salt flux, 
the shell-side concentration increases and vice versa. 

In Fig. 10 the bore-side pressure distribution is shown. The considerable 
axial variation in p 3  leads to varying rates of permeation along the hollow 
fiber. Clearly, any model that does not account for such a pressure drop 
overestimates the driving force of permeation. The bore-side velocity dis- 
tribution is demonstrated in Fig. 11. Owing to the continuous water per- 
meation along the fibers, the bore-side velocity increases nonmonotoni- 
cally . 

In Fig. 12 the bore-side concentration profiles are shown. While in this 
figure the concentration increases axially, yet it has to be borne in mind 
that depending on the relative permeation rates of the salt and water, the 
value of c3 may decrease or increase axially. 

0.50 - 
0.0 0.2 0.4 0.6 0.8 1.0 

z / L  
FIG. 9 Shell-side concentration profiles. 
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P I P  3 atm 

Z l L  
FIG. 10 Bore-side pressure profiles. 

z /  L 
FIG. 1 I Bore-side velocity distribution. 
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0.5. 
Y = 1.0 

0.0 0.2 0.4 0.6 0.8 1.0 

Z I L  

FIG. 12 Bore-side concentration profiles. 

Computational Requirements 

As has been previously mentioned, a numerical algorithm was devel- 
oped to solve the model equations. This is based on the SIMPLE tech- 
nique (16, 20, 21, 2.5). A Fortran program was developed to tackle the 
problem (5). The program was executed on a Sun Sparcstation 10 com- 
puter. In general, no convergence problems were observed when the sys- 
tem was discretized into a number of main grid points that is larger than 
10 x 10. For mesh points less than that, divergence was commonly en- 
countered. In general, a discretization grid of 50 x SO points was found 
to be convenient both in terms of error and rate of convergence. For the 
majority of the input data, convergence was achieved within 10 iterations 
and in time less than 2.5 CPU seconds. 

CONCLUSIONS AND RECOMMENDATIONS 

Based upon the fundamental transport equations, a novel two-phase 
model was developed to describe the concentration, pressure, and velocity 
distributions in the shell and the bore sides of radial-flow hollow-fiber 
reserve-osmosis units. The devised momentum and mass transfer equa- 
tions were coupled with the membrane transport equation to provide a 
complete description of these systems. This set of coupled nonlinear par- 
tial differential equations was transformed into discretized algebraic equa- 
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tions and solved numerically. For the majority of the input data, conver- 
gence was achieved in less than 10 iterations. Experimental data combined 
with the devised model were employed to obtain correlations for the de- 
pendence of the membrane-transport coefficients on pressure and concen- 
tration for the sodium chloride-water system. While the water permeabil- 
ity was found to be a strong function of the operating pressure and 
concentration, the reflection coefficient and the solute permeability have 
shown only a weak dependence on pressure and concentration. The exper- 
imental data were also used to assess the predictive power of the proposed 
model. The model validity was demonstrated through the agreement be- 
tween the theoretical results with the experimental data. The model can, 
therefore, be reliably used in analyzing the behavior of hollow-fiber re- 
verse-osmosis systems, particularly for transport-parameters estimation, 
scale-up, synthesis, and optimization purposes. 

Owing to the growing interest in HFRO for environmental applications, 
the developed model can be used to predict the transport properties of 
various pollutants through membranes. While the correlations developed 
for L, can be used for aqueous wastes, the correlations developed for u 
and o are only applicable to the NaCl-water system. Upon the availability 
of lab-scale experimental results on the separation of wastes using HFRO, 
the model can be employed to develop correlations for u and o in a similar 
manner to how this work has addressed the NaC1-water system. Another 
potential use of the model is in the area of process design and optimization. 
The model developed in the present work can be employed as a useful 
tool for establishing a systematic framework for optimizing the design of 
new HFRO systems and improving the performance of already existing 
units. This objective can be accomplished by incorporating the model into 
procedures for synthesis of optimal HFRO networks (e.g., Refs. 6 and 
7). In this context the model is used to relate the performance of HFRO 
units to various operating and design parameters while the synthesis pro- 
cedure steers the solution toward identifying the optimal conditions and 
system configuration. 

SYMBOLS 

radius of free-surface cell surrounding each fiber (m), 
defined by Eq. (llb) 
damping force per unit volume of the shell that the out- 
side surface of the fibers exerts on the shell-side fluid 
(N/m3) 
shell-side concentration (kg/m3) 
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r 

- 
V 

X 

Y 

bore-side concentration (kg/m3) 
logarithmic mean solute concentration difference 
across the membrane 
feed concentration (kg/m3) 
reference concentration, taken as 1.0 kg/m3 
molecular diffusivity (m2/s) 
flux of solute across the membrane (kg/m2.s) 
water diffusive flux (m/s) 
permeability of the shell side, defined by Eq. (12) (m2) 
active length of fiber (m) 
filtration coefficient (m/Pa.s) 
constant in Eq. (36) (m/Pa.s) 
length of the epoxy sealing ring (m) 
atmospheric pressure (N/m2) 
feed pressure (N/m2) 
reference pressure, taken as 1.013 x lo5 N/m2 
shell-side pressure (N/m2) 
bore-side pressure (N/m2) 
feed volumetric flow rate (m3/s) 
permeate volumetric flow rate (m3/s) 
permeation rate; volume of fluid entering the sink per 
unit shell volume per unit time (s-') 
radial coordinate 
inside fiber radius (m) 
outside fiber radius (m) 
rate of salt consumed in unit shell volume (kg/m3.s) 
outside radius of the central feed (m) 
inside radius of the shell (m) 
mass rate of consumption of the shell-side fluid per unit 
shell volume, defined by Eq. (1Oc) (kg/m3.s) 
time (s) 
linear velocity of the pore fluid (m/s) 
bore-side velocity in the r-direction (m/s) 
bore-side velocity in the z-direction (m/s) 
shell-side velocity (m/s) 
feed velocity (m/s) 
r-, x-, y-, and z-components, respectively, of shell-side 
velocity (m/s) 
velocity at which the shell-side fluid enters the bore- 
side sink (m/s) 
x-axial coordinate (m) 
y-axial coordinate (m) 
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z z-axial coordinate (m) 
Y 

Greek Symbols 

dimensionless radius, defined by Eq. (39) 

a1 

a2 

a3 

P1 

P 2  

P 3  

AP 

Apseaiing 

AP3 

A r  
AZ 
A T  

x 

P 

P 
cr 
a0 

E 

rr 

w 

0 0  

7 

Subscripts 

1 
3 
r 
2 

constant in Eq. (36) 
constant in Eq. (37) 
constant in Eq. (38) 
constant in Eq. (36) 
constant in Eq. (37) 
constant in Eq. (38) 
applied pressure difference across the membrane (N/ 
m2) 
pressure drop inside the fiber through the epoxy sealing 
ring, defined by Eq. (31b) (N/m2) 
pressure drop inside the fiber over a distance Az (N/ 
m2) 
grid spacing in the r-direction (m) 
grid spacing in the z-direction (m) 
osmotic pressure difference across the membrane (N/ 
mZ) 
dimensionless parameter, defined by Eq. (30) 
porosity of fiber bundle 
fluid dynamic viscosity (kg/m.s) 
osmotic pressure (N/m2) 
fluid density (kg/m3) 
reflection coefficient 
constant in Eq. (37) 
solute permeability at zero volume flux, defined by Eq. 
(4) 
constant in Eq. (38) (s/m) 
shear stress exerted on fluid (N/m2) 

shell side 
bore side 
r-direction 
z-direction 
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